Calculation of fourier coefficients of discrete functions using cubic splines  by Dierckx, P. & Piessens, R.
Calculation of Fourier coefficients of discrete functions using 
cubic splines 
P. Dierckx and R. Piessens (*) 
ABSTRACT 
Formulas are given for the calculation of  the finite Fourier transform of  a B-spline. These formu- 
las are useful for the computat ion of  Fourier coefficients of  a function which is given at a discrete 
set of  arbitrary points. 
1. INTRODUCTION 
In many computational problems of engineering, 
physics and computer-aided design, Fourier coef- 
ficients of a function f which is given at a discrete set 
of equidistant or nonequidistant points are required. 
This is the case when the function originates from 
physical measurements or is the numerical solution 
of a functional equation. 
The best known method for computing Fourier coef- 
ficients is the fast Fourier transform [1]. It is an effi- 
cient method but it requires equidistant points, and 
moreover, in order to obtain accurate results, the 
number of data points has to be relatively large. 
Another method, which computes an approximation 
of the integrals 
b 
Ii(a ) = f f(x) sin (ax) dx (1) 
a 
and 
b 
12 (~) = f f(x) cos(~x) dx (2) 
a 
without any restriction on the values of a, b and a and 
on the position of the data points is described in [9]. 
It is based on least-squares polynomial approximation 
of f. However, in many cases, spline functions are more 
suitable for data fitting than polynomials. If s(x) is an 
approximating cubic spline function for f(x), approx- 
imations for the integrals (1) and (2) are 
b 
j l (~) = f s(x) sin(~x) ax (3) 
a 
and 
b 
J2 (a) = f s(x) cos(ax) dx (4) 
a 
Let t., j = -3, -2 .. . . .  n+4 be an increasing sequence J 
of real numbers, then every cubic spline s(x) with 
knots t1, t 2 .. . . .  t n has a unique representation in the 
range a= t o <~x ~< tn+ 1= b of the form 
n+4 
s(x)= j~I cj Nj(x) (5) 
where Ni(x } is the normalised cubic B-spline [2, 6, 8] 
defined "by 
4 
Nj(x) = (tj - tj_4) At (~ _ 4 .. . . .  tj) g(t; x) (6) 
with 
g(t;x)=(t-x)3+- = ( t -x)  3 if t~>x 
= 0 if t<x  (7) 
Here &4 (z., z.+ 1' , z.+4 ) stands for the 4th divided J J "'" j 
difference of the function f(t) on the points zj ..... zj +4" 
In the literature [3, 4 5, 7, 10] several gorithms are 
available for fitting a spline function s (x) of the form 
(5) to a set of data points. 
The purpose of this note is to present formulas for the 
computation of J l (a ) where s (x) is given i the form 
(5). J2(~) can be computed in a similar way. 
2. COMPUTATION OF THE FINITE FOURIER 
TRANSFORM OF A CUBIC SPLINE FUNCTION 
Taking into account the fact that 
Nj(x)=0 if x~<tj_ 4 or x~>tj 
we find that 
3 t- 
JI(~,)--j=E1 cj {~ Nj(x) sin(~x) dx 
n+ 1 t i 
+ E cj f~ N.(x) sin (,,x) dx 
j=4 tj_4J 
(8) 
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n+4 tn+l 
+ j=n+~ 2 cj ~J]-'4 Nj (x) sin (c~x) dx 
(9) 
Substitution of (6) and (7) in (9) gives 
t .  
(x)sin (ox)d  
sin (~x) dx = (tj -tj_4)A4 t (tj_ 4 ..... tj) to 
with 
t i 
~J (ti-x) 3 sin (ax)dx = f (ti-x) 3 sin (~x)dx 
to to if i > 0 
=0 ifi,~ 0 
We have therefore to c mpute integrals of the following 
type 
fV(v- x) 3 sin (ax) dx. 
u 
Integration by parts gives 
_6] (v_x) 3 sin tox)dx= (v-u/4 {cos/ou)t  #3 u 
3 6 6 sin (~v) } 
+ sin ("u)[ ~ 2 /34 ] + 7 (10) 
with 3 = ~ (v- u). 
If 13[< 1 there is a large loss of significant figures in 
calculating (10). In that case we compute the integrals 
as follows : by a simple change of integration variables 
we get 
1 
(v-x) 3 sin (~x)dx = (v-u) 4 {cos(~u) f (1-y)3sin(3y)dy 
u 0 
1 
+ sin(~u) f (1-y)3 cos(3y) dy} (11) 
0 
Now if 1/31 < 1 we can replace sin (3y) and cos (3y) by 
their series expansion and we find that 
1 ~0 (-1)k 32k f ( l -y) 3sin(3y) dy=6  +1/(2k+5)! 
0 k 
1 k~0(_l)k fl2k f ( l -y) 3 cos (fly) dy= 6 /(2k+4)! 
0 = 
In a similar way we find that 
tn+l 
f ~ (x) sin (~x) dx 
tj-4 
tn+l 3 - 
= (tj-t j_4)A 4 (t j_ 4 ..... tj) f (x-t)+sin(~x)dx 
t j_4 
with 
tn + 1 ti 
f (x-ti)3 sin(~x)dx = f (ti-x)3sin (~,x) dx if i < n +1 
tj_4 tn+l 
= 0 ifia, n+l 
Finally we derive an expression for 
ftj Nj(x)sin(~x)dx 
t j -4 
=(tj_tj_4)A4 (tj_ 4 ..... t j ) ;  j (t-x)3+ sin(ax)dx 
tj-4 
= (tj-tj_4) A4 (tj -4 ..... tj)~_ 4 (t - x)3 sin (c~x) dx 
(12) 
According to (10) and from the fact that the kth divided 
difference of a polynomial of degree r is identically zero 
if k > r, we find that 
4 .. ,~tj) sin(t) ~ Nj(x) sin (ax)dx= 6(tj-tj_4)A t (atj_4,. 
tj_4 
(13) 
Again there is a large loss of significant figures in the 
computation of (13) if la(tj-tj_4)l < 1. In that case 
we compute the integrals in the following way, accord- 
ing to (11) and (12). 
Nj(x) s in (~x)dx :6( t j - t j _  4) 
tj-4 
{cosC~t. ) z  (-1)k/c2k+s)~t,4(~t._ 4 ... . ~t0tt-~tj_4l 2k+5.  
j-4 k=0 t j 
"0 k + sin(at:a) £ (-1) /(2k+4)'A t (c,t.._ 4..... ~tj)[t-atj_412k+4} 4 
J"~ k=O ' 1 
with 
A 4 (atj_ 4 ..... c~tj)[t-c~tj_4]4 = 1 
and 
4 A t (~tj_ 4 ..... ~tj)[t-,,tj_4 ]4 + p 
4 4 4 
= ~ ~ . . .  2; aP(t; 4+r l - t ;  4 ) J  j
r1=1 r2=r I rp= rp_ 1 
"'" (tj-4+ rp - tj-4) (14) 
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